ON FUNCTIONS ANALYTIC IN A HALF-PLANE

BY
DANIEL WATERMAN

1. In the study of the behavior of functions analytic in the unit circle,
the class H, of those functions ¢(2) such that

27
f | ¢(pe’®) |»do
0

is uniformly bounded for p<1 is of particular importance. For p>1, H, is
just the class of power series whose real parts are the Poisson integrals of
functions in class L,. The important role these classes play in the study of
Fourier series, particularly in the study of the conjugate series, is too well
known to require further elaboration here.

Littlewood and Paley [6] found certain means of derivatives of functions
in H, to be of special importance in obtaining estimates of sums of Fourier
series. These means, g(f) and g*(0), are defined by the formulae

92

1 1/
(0 = 50,9 = { [ (1= p) 4o franf
0
and
1,1 2r 1/2
g0 = g*(6, ¢) = {:f (1 - p)dpf I ¢’ (pett) |2P(p, t — 0)dt}

where P(p, t) denotes the Poisson kernel
1 1 — p?
2 1—2pcost+ p?

If € H,, p >0, the nontangential limit of ¢(z) is known [9] to exist at
almost every point of |z| =1, and we have then that

1 2r ) 1/p 1 2x 1/p
im 4= [ Lstoe rath = L= [ oten s,
—1 2nd, 2rJ o

which value we denote by ”¢” »- The Littlewood-Paley functions have been
shown to have the following relation to the original functions,
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459ll» = [lell» = 45]4]]
A58l = lle*lls = 4514l

the symbol H ||, denotes the usual norm in L, except when used as indicated
above, and the A4,’s denote, as they will throughout this paper, various
positive constants dependent on the indicated subscripts. The left-hand in-
equalities require, of course, that

¢(0) = 0.

The inequality for g*(f) was shown by Littlewood and Paley only for p an
even integer and was extended to p>1 by Zygmund [10]; the right-hand in-
equality for g(f) was demonstrated (although not explicitly stated) by Little-
wood and Paley for all p >0, that on the left for p > 1.

In the study of functions analytic in a half-plane it is of interest to define
a class analogous to H,. Throughout this paper we shall use the same notation
for functions in circles and half-planes, distinguishing between them by
means of their arguments. If ¢(s), s=0¢+14r, now denotes a function analytic
in the half-plane R(s) >0, it is said to be in the Hille-Tamarkin class 3C,,
p=1,if

fw|¢(a+ ir) |rdr

—o0

is uniformly bounded in ¢[5]. As in the circle, the nontangential limit exists
almost everywhere as ¢—0 and we define

) 1/p
lello = { f " lo0 + infrark 7,

which is, of course, also

% 1/p
lim {f | $(o + i) !pdr}
a—0 —o0

The Poisson kernel for the half-plane, P(c, 7), is merely
g
g% + 72

If f(r) denotes a function of class L,, p>1,in (— », »), its conjugate func-
tion, f(1), is given by

1 > f®)

TJ _ oT— %

dx,

the integral being taken in the principal value sense. The conjugate function
is known to be in class L, [9], and
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I7ll> = A1l

The function
1 ® _
o(s) = — f (@) + i) 1P(e, 7 — 2)da
T J

is analytic in the half-plane 0 >0, and as in the case of the unit circle, is of
class 3¢,. If ¢(s) is given as in 3C,, p=1, then it is the Poisson integral of its
boundary values, and even more, it admits of a Cauchy integral representa-
tion

1 > ¢(ix)
o(s) = — dx.

2rd o § — ix

If ||¢(o+i7)||» denotes

{ f_: | é(o + i) I"dr} "

l¢ll» = |60 + ir)|| 5

we may show that ||¢(c+47)||, is a continuous monotone decreasing function
of ¢ and that

so that

lim ||¢(c + 47)||, = O.

Quite elementary arguments show that

| ¢(e + ir) | = [ro]-17(|¢],
and for 6 >0,
lim | ¢(5 + pei®) | =0, —7/2 26 < 7/2,

o
uniformly in 6.

A Moibius transformation mapping ¢>0 into the unit circle takes the
class 3¢, into a subclass of H,[1]. Many of the important properties of func-
tions of class 3¢, can be deduced from corresponding results for functions of
class H, by means of this class inclusion. Other results, as, for example, the
validity of the Cauchy integral representation, seem to require a direct proof.
The results we consider here are of this type.

We propose here to define analogues of the Littlewood-Paley functions
for functions analytic in a half-plane. It will be seen that exactly analogous
results may be obtained.

In addition to the Littlewood-Paley functions we shall consider the



170 DANIEL WATERMAN [January

analogue of a function which has been studied by Lusin, Marcinkiewicz,
and Zygmund [7]. They consider a function of obvious geometrical sig-
nificance. Let @ be a region in the unit circle bounded by a single closed
curve which touches the circle at z=1 only, and nontangentially there. Thus
all points of @ are contained between two chords intersecting at z=1 to form
an angle n<w. Q will denote this region rotated until 2=1 coincides with
e¥. We define s(f) to be the square root of the area of the image of Qy on the
Riemann surface of ¢. Thus

0= {1, 1o

Apalldlls = llslls = 45.l9ll,

for all »>0 on the right, and for all p>1 on the left, just as for the function
2(8). This result, too, may be extended to functions analytic in the half-plane.
A separate section of this paper is devoted to each function, §2 fcr g,
§3 for s, §4 for g*. It is clear that the three functions are very closely related
and each section will use the results of those before it.
2. Let ¢(s) denote a function analytic in R(s) >0. We define

60) = o) = { [ "ol 9 s "

It will be convenient to adopt the following notation:

¢q(s) = ¢(q + s), g0,
) 1/2
gd(1) = g(r,¢,) = {f (6 — 9 ‘ ¢'(s) I2d‘7}

It is known that

Capitalization of the letter denoting a function and change of the argument
to 7 will denote the introduction of a function of Hardy-Littlewood maximal
type. For example,

&(r) = max I o(s) I
sER_
where
R, = [s!s= it + pe®, p > 0, —a <0 <a<mw/2]

This convention will be observed throughout this paper.
We shall enumerate several lemmas to which we shall frequently refer in
that which follows.

LEMMA 1. If ¢(s) is in class 3Cp, p> 1, then
[#ll> < 44l
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This is an analogue of a well known maximal theorem of Hardy and Little-
wood [3]. Its proof is quite similar to that of the classical result and is due to
E. Trombley [8].

LeEMMA 2. If ¢(s) is in class 3Cp, p =1, then

1 = ¢(a+ i)
i '(s) = — —dg, 0,
B ¢’ 21rf_¢,(a+iﬁ—s)’ B8 c>a>
(i) ¢'(s) = o(1) as I s| — o uniformly in every half-plane, s> a>0,

(iii) ¢'(s) = O[(¢ — a)~+»/?] a5 ¢— .
LemMA 3. If ¢(s) is in class 3Cp, p =1, then
#(s) = B(s)W(s)

where B(s) is analytic in R(s) >0, |B| =1, and lim,. |B| =1 almost every-
where; W(s) is in class 3¢, and has no zeros in R(s) >0.

LeMMA 4. If ¢(s) is in class 3Cp, p =1, then g (7) is bounded for any ¢>0
and

] 8458
(ii) ”g”P = lim “gq“p‘
a—0

We shall prove these in sequence.
It is evident that if the Cauchy integral exists then

1 r= ¢a+ iB)

e P
exists as well. Then
6@ =tim -~ [ st i -]
o 27 hJ_r at+iB—(s+h) at+if—s
+ A(h, T)}

where A(k, T) =0(1) as T— o uniformly in small k. Thus

o L [T gt i)
¢ls) = wa_r (a4 i — 5)?

as T—», and an application of the Weierstrass double-series theorem gives
the desired result.

Applying Hélder's inequality to the Cauchy integral representation of
¢’(s), we have

@B + o(1)
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= | ¢+ i8]

1
/ < d
|¢(8)| —21r~f_‘,° (¢ —a)?+ (B— 1)2 g

» @+l }”p
A d ¢ — a)—(Dip,
{j‘_m(a—cm)z-{-(;3—7)2 B ( )

I\

Choose T such that

(f:J“f:) | $(a + ) |7dp <o

1 1
(a'—a)z-l—(ﬂ——r)2<-a_2 for o > 2a.

Then the contribution of the extreme parts of the integral is less than §/a?.

Clearly
T gla+iB)]? 1
=0of—
f—r (6 —a)®+ (B—1)* <|8|2>

uniformly in the half-plane o > 2, and consideration of these estimates yields
the second part of Lemma 2 for p>1; the proof is clearly much simpler for
p =1 and need not be given here.

Proceeding in a similar manner

1 = |¢la+iB)| (e —a)
’ — < — d
I¢(S)|(0' @) = 2rd_ (66— )2+ (B—1)2 g

© | ¢(a + i8) |?(c — a)? ik
o — ) lr
=4 ) {f_w (0 — a)?+ (B — 7)? dﬂ}
< A(c — &)~ V7||¢(a + iB)||?

and note that

or
/()| < A||¢|lo(c — a)—+ni2

and since the demonstration is trivialized in case p =1, we have completed

the proof of Lemma 2.
Let us now map ¢ >0 into | 2| <1 by the Mébius transformation

1—3

1+

S =

™

and write

#(s) = {(2).
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Then there is a well known theorem of F. Riesz to the effect that
£(2) = B(2W(2)

where B and W have properties analogous to those required of B and W.
The inverse transformation clearly preserves the properties of B and we shall
designate B(z(s)) by B(s). That W(s), which corresponds to W(z), is an ele-
ment of 3¢, follows from the fact that the Poisson integral for W(s) along
o =0 is equal to the Poisson integral for @W(z) around the unit circle for corre-
sponding values of z and s. It is not necessary to impose any restriction on
the zeros of ¢(s).
We note now that

60 = [ o= 0l

s4f G- o= g2
q
SEA<
by Lemma 2 (iii). Also

a = [ (o= | #) 4o

s [ slewlo
q
< g4(n).
As ¢—0, g,—g, and so by Fatou’s lemma,
llgll» = 1im lgd][ -
—0

Our lemmas now established, we proceed to the main theorem.

THEOREM 1. Let ¢(s) be a function of class 3, p21. If

e =g o) = { [ ol eobary

then g(r) is in class L, and
llell» < 4,14l

Conversely, if ¢(s) is analytic in R(s) >0, ¢(s)—0 as s— o uniformly in every
half-plane R(s) >€>0, and g(r) is in class L,, p>1, then ¢(s) is in class 3¢,
and
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lll> = 45l

The first part of this result will be demonstrated for even p, giving ex-
plicit details for p =4 and showing how the proof may be extended to p =2k,
k=1, 2, - - - . From the even integers it will then be extended to all p=1.
In the proof ¢(s) will denote ¢4(s), for it actually suffices to prove the result
in this case. For if

“ga“r = A,“«b,“,
then

”gq“p = Ap||¢q|lz= = AP“d’“P'

letting ¢—0, applying Lemma 4, and comparing the extreme terms we would
have

lgll> = 45415,

the desired result.
We shall show now that

lelle = 4ll8ll

under the assumption that ¢ is in 3Cq.
Let us write
4 0
lells = [ “grar

0 © 2
= f (f al ' (s) l2da) dr
—o0 0
= f f f dlﬂzl ¢1’ Izl ¢2’ |2da'1dazd1
—o ¥V 0 0

¢1 = ¢(o1 + i7),
¢2 = ¢(o3 + i7).

where

Then we have

“g“: N Af ffs EPI dwzl 1 I2I é: Izdo’ldﬂdﬂ
—o0 =01=02=00

We make the substitution

lor 2= Al o1[2/4 = { | ¢1]ow + | 6]} /4
Then
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N
f ff 0’10’2' ¢1’ |2I ¢2’ |2d0'1d0'2df
—-M 050150,SC

N 712 2 112
gf ff (0102| 63" 61 2 + 0102 | 63" 1
-M 0§¢1§13§C
=P+0.

Partial integration of P with respect to a1, yields

f,)do’ldo'zd‘r

v ¢ 2 2 ’ 2 ’ 2 .\ |2
Péf f (dz[¢2|,z|¢2| +0’z|¢2l |¢(0+1«T)l)dﬂ'sz=P1+Pz.
-MY0

Clearly

| 60 + ir)| = @(r)
and

lols =210 |6l =2|es].

Writing ¢’ as a Cauchy integral we have

=

where C is a circle about ¢+44r with radius § =kg contained in the angular re-
gion given in the definition of ®. Then

|¢'|S—l-d>f idz’;
T 2n c 8

S Ad/o

1
|¢|=5;

and we note that in a similar fashion we can obtain
|¢"| < A9/0.
Since this result is of considerable use in what follows we state it as a lemma.
LeEMMA 5. If ¢(s) is analytic in the half-plane R(s) >0, then
|¢'| =A%/0, [¢"]| = 4%/
Applying Lemma 5 to P; we have

N c , )2
P1 g Af ' f (62| ¢2l |¢2| ‘I’/G‘z)dﬂ’zd‘r
—-MvY o

N c
§Af Q’(f a|¢'|’d¢r>d'r.
M 0

Since
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N c
P2=f |¢(0+i1)12<f 0‘|¢Il2dd'>d1’
-M 0
N c
P_S_Af clﬂ(f a|¢'|2da)df.
-M 0

If in Q we invert the order of integration and integrate by parts with
respect to 7 we have|

N 712 2
Q = ff f | ¢2I | ¢1 Irrd‘l'ddlddz
0501509SCVY —M
= ff o0 | 62 lzl 1 lf]fudﬁdaz
0S0;S0,SC

N
- f ff O'xtle 2 |:| 1 Ifdﬂdazd‘r =01+ Q2.
-M 0S01S03SC

Applying Lemma §,

N
el saf ff o0 85| |8 | | 61| | 6t |dosdosdr
-M 0=50,S0ySC

N
<4 f ff (0102I ¢.'1| | ¢;l ‘b’/a:)daldagd‘r
-M 0S01S0y=C
N g1 ’ ’
éAf qﬂff '—|¢1I I¢2|d0’1d0’2d1’
-M 0=¢;ScSC 02
N c c ;2 021 (o] ,2 gy
éAf dﬂ{f f |¢1| Td01d02+f |¢2| <f do'l)da'z}dr
-M 0 a1 Oy 0 0
N c
<4 4)2(f a| ¢'|2d¢7> dr.
M )

Consider now

.ff 6102[l¢;|2|¢1‘f]|r|-3 doydos

OSVISUzéc

[ [ o0 [| 641* 61| | 4] Lisios dordas = o(1)
0S0;S09SC

we have

IIA

as B—w for C fixed, in the light of the estimates of |¢| and |¢’| in the
lemmas. Combining the results on Q, and Q, with those obtained for P, and
P, we have
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v 112 ’12
f ff 0’10‘2| ¢1l I ¢2I doydoadr
-M 0§11§¢’§C
N c
=4 <I>2(f ¢I¢I|2dﬂ)d‘r+o(1)
0

-M

as M, N— o« for fixed C. Let

c
[ ol# e = .
0
Then

1% N
f gldr = A 2. g%d7 + o(1).

-M -M

Applying Hélder’s inequality and dividing by { /¥y .g*dr}/2,

N 1/2 N 1/2
{f ,g‘df} <A {f 'I"d’r} + o(1).
—-M -M

Letting M, N— « and applying Lemma 1, we have

© 1/2 0 1/2
{f cg‘d-r} §A{f |¢|“d‘r}

Letting C— « and taking the square root of both sides yields

lell« = 4ll#]l«

the desired result.
In the case p =2k we consider

N k )2 k
f f fH,"|¢,,| I doudr.
—M Y 0S01S0yS - -Sop<C 1 1

We make the Laplacian substitution and evaluate the first integral

N k k ’i2 2 k
f f v fHUnH|¢n|’I¢1|qud‘7»d7
—MY 0S01S---SC 1 2 1

in precisely the same manner as in the case £ =2 to yield

N 'k 2 k
f q,zf ng”|¢n| Hda,.d‘r.
-M 0S0yS .. SopSC 2 2

The second part
N 2 k
f f f"‘l¢l|rfnd°'nd7
—u v 0seys. i oSC 1
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is integrated by parts as in the case k=2. The part

fo<,, fH"n[ldnl Hlml] MIf[da,,=o(1)

for fixed C as M, N— ». The part

S f o [ eI 167) 6l I drntr

=f1f ...fI:‘I,,n|¢l|f{z|¢.|’g‘|¢»|}rl'ida"df

which is less in absolute value than

N k , k , " k , 2 x
af [ [ Talel [61{Z 6] 6] 1 |6} T doar
- 1 G2 1

2,npq

N k , k 1 , k , 2 k
saf of o [Ialal{Z 516l I 6} D
-M 1 -2 O 2,n#i 1

by Lemma 5. Consider one term in this sum
N k , 1 , k ,i2 k
J [ [ MalalZl6] I 1o T o
-M 1 (4] 2,npi
N
o[ o [((TLo:)/00) 1 4] 1&I1L | 6P TLdontn
-M 1,n9d 2,53
N g1 ’ ’
<[ =(ff 2 |6 | 6] dosdas)
-M 0S0,S0;SC 02

k k
( [l 10 da,.)dr
050,S 50,_1§¢‘+1_ .sSc 2,np4 2,np%4

k=1
§Af Qz(f ald)'l’da’) dr.
0

N N
f gdr < Ay f ®?2,g2%2dr + o(1)
-M

-M
N 1/k N (k=1 /%
< Ay {f wdr} {f cg”‘df} + o(1).
-M -M

Dividing by the factor on the right containing .g, letting M, N and then C
approach infinity, taking the square root and applying Lemma 1, we have

Hence
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llgll = Aul[ @]z = |82

which was to be shown.
We must now show that

”g”p = AP“d’”p

for all p=1.
By Lemma 3 we may write

¢ = ¢1 + ¢ ¢1=(B—-1NW, ¢ = W.
Thus ¢, and ¢, have no zeros in R(s) >0, are in 3C,, and satisfy

lloill» = 2llo]l,
ll¢all> = [l

Since
gler + ¢2) < Afg(e)) + g(e2) §

we need only prove the result in the case where ¢ has no zeros.
Let

¢=w!l

where y=2k/p and 2k is the least even integer such that 2k =2p.
Then w(s) is a regular function and is in 3C;. We have

¢ = yor i,

|/ |2 < 4] wl2on | ]2,

and
g¥(r,¢) = A sup | w"(ﬂ'—l). fw¢| w'l’da'
«>0 °

= AQ2Vg(r, »),

Thus
£2(r, ¢) S A,0°0-Vg2(z, ).
But
py =2k and p(y — 1) = 24/y.

Thus

f g*(r, ¢)dr = A,f Q2 g2 (7, w)dr.

—00

Applying our theorem for even exponents to the right integral

179
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o ) 1/y’ © Uy
f Q?k/ll'g?(-r’w)df é {f QdeT} {f gpy(,r' w)dT}
. 17y ) 1y
o [} i)

© 1/y © 1y
= A,{f I wl“dr} {f | wl“‘d%}

= Apf le“‘df.

f g?(r, p)dr < A,,f |w|“d1‘ = Apf |¢|’d’r.

Taking the pth root of the extreme terms we have established
llell» = 4,l¢ll 5

Thus

the first part of Theorem 1.

The second part of Theorem 1 is proven by conjugacy with the opposite
inequality. Our ¢(s) is now analytic in R(s) >0 and has the property that its
limit is zero as s approaches infinity in R(s) >e>0. We shall assume thata
right translation of axes to (», 0) has been made and so our function is
analytic in the half-plane R(s)> —». The function g(r) exists, and by hy-
pothesis and Lemma 1

”g”,, < w.

We define

f(@) = R[(0 + in)],

h(r) = hy(r) = | f|7~*(signum f)xy(7),
where x n is continuous and

1, |r] =N -1,
XN(T)= 0, ITI = N,
<1, N-1<|r| <N.

Further we let

Y =the ¢ associated with #, i.e., the analytic function whose real part is
the Poisson integral of &,

v = g(n, ¥), % = R(¢), w* = R(¥).
We consider the equality
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K K K
f o(unu*)sodo = a(uu*),] — (uu*)] ,
obtained by an integration by parts and note that:
Q) | KoK, (K, 1) | = o(1) — e

as K— o, for by evaluating}b' as a Cauchy integral around a circle of radius
CK (0<C<1) and center K+ir and writing #* as the Poisson integral of
k(1) we have at once that our expression is

sk s 160 s
=S u S)|-—
- |c-(x+¢g|-cx CK K? 4+ min (| 1'| — B)?
0SBsN
and so
= o(1
oW
for K sufficiently large.
. *
(ii) | Kuo(K, )u(K,7) | = o(1) Oy
(iif) |u(K, T)u*(K, )| = o(1) oy

by arguments similar to that employed in (i).

(iv) I e, (e, T)U*(e, 7) | =< edsup | ¢| sup | u*|
c R(s)>0

0(1) uniformly in 7 as e — 0,

the C designating a circle of radius /2 about (e+i7).

™) | eusle, Du(e, )| = |ewde, 7)| sup | 9|
Rin>o0

= 0(1) uniformly in 7 as e — 0.

We shall show that |¢m,"‘(a, 1)| —0 uniformly in 7 as 0—0.
From the Poisson integral representation we have

Aol

| wlo,n)| = —

—_ g2

—llf”h(+)——x2 "
= _wx T(a2+x2)2x'
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Choose 6> 0 such that
| h(r) — k()| <e if |7—17| <.
Note that | h(r)| <4 < ». Then for o <&

—& x2 — g2 © x2—0'2
l(f +f_w)h(x+1) (0% + a2)? x‘<Af‘ (o2 + a2)? -
< AJs.

Write

o?

h<x+f> e f (h(r) + k(x) ==

2__ 2
dx
(0® + x?)*
Then
'] d?_xZ
h(r) —————dx < A/6
f—s () o 1 2 x < A/

and if we divide the other integral into several parts

fﬁ(%0+ﬁy (f—hf) f - P+0,

we have
—0 —_ a2
| P| é(f + )lk()l—" ix
s +o 2)2
< Ae/a,
|Q] < A4e/o.
Thus
1
lﬁwﬂ|§A(—+i)
6 o
and so

| o'u:(a', 7) | <4 (% + e)

for small ¢, which proves (v).
Substituting these estimates in our integration by parts we have

fo Ka(uu*),,da = (0, 7)u*(0, 7) + o(1) P

for K large.
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We have, therefore, for any N> N,

f_:fhdr = f _z fhdr
= f Jf{ Fhdr

f f o(uu*),dodr + f No(l)

<J -

(uu*) el

do + o(1)

as K— o,
Consider

f_;\l{(uu*),,d-r = f_]:l(u,,u* + 2u,u: + uu:,)d-r.

We shall estimate the first and last parts. We have

f_ ]}iu..u*dr = - f_ ]:{u"u*dr = — u,u*] + f U4 d

and similarly
f Nu,,udr = — u.u ] + f Nu,u,d-r
-N

We note next that o
Hence

u, uru| are o(1) as |r| — o uniformly in o.

[Tmarsaf" [ ﬁ(l wal| + | wt| yrdo
. )

K
+f o( | ufu] NNI + | u,u*] }:I Dde + o(1).

Allowing N and then K to approach infinity, we have

f_:f"dféz fo "o f_ :( |t | + oty ) drder

=< 4f af l¢’¢'| drdo.
0 —o0

Thus
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© © w0 1/2 © 1/2
f Shdr £ Af [f a'| ¢’ Izda] I:f Ulll/,|2d0'_| dr
—w oL Jo 0

=Aj:wwmw

< Allglllll
= Ar”E”r”‘/’l »’

<adlgld [ 10 o}

by an application of the first part of Theorem 1 and the fact that
¥/l = 45| R o-

0 ) L] . 1/p’
s il [}
© » 1/p
{1 ™ < a0l

Letting N— « we have

p’

Then

or

“f”p s Ap“g“p
and analogously

“ﬂlp = Ap“g”r
Thus

llll» < 4sllell»

[January

and consideration of Lemma 1 yields the same result for the original function.

3. We turn now to the analogue of s(8). Let @ denote the region in the
half-plane R(s) >0 between the lines 7=+ kg. The vertical translate of this
angular region will be denoted by @, where 0447 is the new vertex. Then if

¢(s) is analytic in R(s) >0 we define

wo={fﬂJ¢mH%%m

We shall establish the following theorem.
THEOREM 2. Let ¢(s) be a function of class 3¢,, p=1. If
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s() = { f e I’dw} "

then s(t) is in class L, and

lsll> = 45.4l4]]

Conversely, if ¢(s) is analytic in R(s) >0, ¢(s)—0 as s— © uniformly in every
half-plane R(s) >€>0, and s(r) is in class Ly, p>1, then ¢(s) s in class 3¢,
and

“¢l|p = Ap-k“s”p-

We note that to demonstrate the latter part of this theorem we need only
show that

g(r) < Aus(),

for then an application of Theorem 1 would yigéld the result. This is easily
accomplished. We shall demonstrate it for 7 =0 to simplify notation, but this
restriction will be seen to be superfluous.

Consider the intervals
1 1
[5"2—n+1]’ n=0,1,2---.

We denote by o, the point in the nth interval where |¢’| attains its maximum.
Hence

0 2“
fa|¢|zdasz;|¢(a>|zf ode
/2“’

n=0
> | ¢ (o ) |?
_iglvel
0

We note that

1 2r
(#0015 5o [ 600+ 000
0

and so if R, designates the radius of a circle C(s4, R,) about a,,

1 1
—R| ¢ = _ff | ¢ 2w
2 2rJ J con.r0

Let R,=62—", where & is chosen depending on % alone, so that C(o,, R,) is in
2. We note that no area can ever be jointly contained in more than two circles.
Then



186 DANIEL WATERMAN [January

/ n 2 1
——~——-—!¢(U)|§——ff | ¢ |2do
2%n 70 J Jcen R

1
'*de < 2
|j‘0 a|¢| a— 882n=0ffc(," n)l¢l @
< ' 2dw.
4m52ffsz|¢[ ¢

or

If we now consider the intervals [2, 2"+1], #=0, 1, - - -, and define o, to
be the point in the nth interval where |¢’| attains a maximum, then

© © 2n+1 3 ©
[Tololins X101 [ ode =~ 2 | (e 22n
1 0 2" 2%

Let R,=02" where 6 is chosen so that C(¢,, R,) is within Q. Then, as above,

[ olel
1

I ¢’ |2dw

C(on.Ry)

= w&”f |¢ l’dw

Combining this with the previous result we have

f d‘¢'|2d0§Akff|¢'|’dw
0 o

which establishes the latter half of our theorem.

In the proof of the first part of the theorem we shall require the following
lemma, an extension of a result of Hardy and Littlewood [2] due to E.
Trombley [8].

LEMMA 6. If f(1)EL,, p>1,in (— =, ) and
1 7+A4
* — _ d
sy = swp - [ pwya

then ||f¥| » < A|fl] -

For a complex function ¢(a+147), $*(7) shall denote |¢(0+1'r)| *,
Let us write S(r) =s%(r). Then

0 1/2
Isll> = 5], = max { f S(f)h(r)dr}
hEX, o

where
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,‘=<%p), X, = {h(r)>03f“|h|“dr§1}.

Consider a fixed A(r). Then if 7=ko,

f_:S(f)h(r)dr = f_:h(r') { f f y | ¢ Pdmir} dr
r e e
= f:daf_:Zfl ¢’ 2dr {%ﬁ:h(-ﬂ)x(r -7, ;)dff} .

x(a, b) denotes here the characteristic function of the interval [—b, b] with
variable a. Then

f_:S(‘r)h(r)dr §Akﬂmdda j::| ¢ |’h*(‘r)d1'

=Akf_:h*(r)<f_:a|¢'|’da)dr
= Ay f_ :h*(f)gz(r)df.

Applying Hélder’s inequality to the right-hand side

f S < Al w2

< Aulgll>-
Thus for p =2 we may apply Theorem 1 and we have
Isll> = Adllglls = 454l @]l

We must now extend the result to p=1.

Since a decomposition of the function ¢ into two nonzero summands may
be effected precisely as in the proof of Theorem 1 with precisely analogous
implications we may assume at the onset that ¢(s) has no zeros. We write
then

vi2(s) = ¢(s);
clearly ¢ is in 32, and

l|s(r, W)lls < Adll¥]]s.

Forming s(, ¢) we have
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#(s) = 4/p[(s) 19719/ (s)
and
s(r, ¢) < 4/p[¥(r) 47 15(r, ¥).
Then
[0 s @ [t 0w

< 4lst w72l
Applying Lemma 1 and our theorem for p =4 we have

4/p

”s(‘r, ¢)”p = Ap.k“"l’HA = Ap.kl|¢]|p'
Thus our theorem is established for all p=1.
4. Our result on g*(7) may be stated as follows.

THEOREM 3. Let ¢ be a function of class 3Cp, p>1. If
1 L] © 1/2
gX(r) = g¥(r, ¢) = {:f crdcrf | ¢'(c + B) |*P(a, 7 — B)dﬂ} )
0 —o0

then g* is in class L, and

llg*ll> = 45ll¢ll,.

Conversely, if ¢(s) is analytic in R(s) >0, ¢(s)—>0 uniformly in every half-plane
R(s)>€e>0 and g*(r) is in class L,, p>1, then ¢(s) is in class 3¢, and

H¢l|p = ApHg*”,,.

Let us suppose that €, is a region of the type considered in Theorem 2. We
shall denote its complement with respect to R(s) >0 by Q.. Then

1
g (7) =— f fﬂ o| ¢'(c + iB) |2P(o, r — B)dB
1 o [2 _
+-r—fj:_27cr|¢(a+tﬂ)|P(mf 8)ds

2 2
=g () +g ().
In the region Q,

<

o>+ (1 — B)*

and so
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3 1
& (1) = — f | ¢/(o + iB) |2dedB
w 9'

1
= — s%(7).
T

Hence
g (1) £ Afs(r) + g2 (D).

It is also quite clear that in €,
UZ
—— 2 4
o2+ (r — B)?

and so
g*(r) 2 Aus(7).

Thus the second part of Theorem 3 follows immediately from the second
part of Theorem 2, %, of course, being taken as constant. We introduce

© 2
Gr) = fo fml>k.| ¢lo+ i+ ) Iz%dﬂda

1 © o2
> — 4 ; 2
‘«fo f.pw[“’“(“’))l a’-—l—ﬂ’dﬁda

=g

Let us assume p =2 and write

0 1/2
G|, = max { f G’(‘r)h(r)dr} X
LIS

X, is defined as in Theorem 2. Suppose now that A(7) is fixed. Let

1, |B] > ko,
0, otherwise.

x(8) = {

Then

f_ :Gz(-r)h(r)dr - f " by f " o%do f_: x‘(f) | ¢/(c + i(8 + 7)) |*dB

f a’daf_wl ¢'(c + iB) |2dﬁf_” h(r )xa(ﬂ - 1')

We observe that
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2 h(r)xs(B — 7) _ = k(B — 4)x.(w)
f_w —————-—(6 Y dr = f —du

— u?

(o f) e

= :([h(ﬂ + u) + k(B — u)]/u’)du.
Let
H(x, ) = f ’ (28 + w) + h(B — u)]du.
0

Then
H(x, B)/x < 2h*(B)
and therefore
H(x, B) = o(s?)
for almost all 8. Integrating by parts

* h(r)x(B — 7) > * H(u, B)
f_w —(ﬁ o dr = H(u, 6)/1‘2]1‘., +4 fu = du
© H
<4 (u, B) du
ke ud
L |
< Ar*(B) — du
ke U
< Ah*B)/e.

Thus

f_:G’(r) h(r)dr < A j;wada f_:| &' (o + i8) |2h*(B)dB

-4 “(8)g(8)d8

< Al |l lell>
< 4,4l

by the application of Lemma 6 and Theorem 1. The extension of this result to
22p>1 is more difficult than the arguments used in the corresponding por-
tion of Theorem 2. We utilize the foHowing lemma.

LEMMA 7. If ¢(s) is in class 3C,, p>1, and
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$o(r) = { |60 + in) |2}*¥"7,
then

. * | 8| 7>
|#to+i6+ )| = st [ 14+ ]

The proof of this lemma is modeled closely on that of a similar theorem
for the unit circle which is due to Hardy and Littlewood [4]. We need only
show that

. B
lo(e+iB+ )| < A¢*[1 + %]
where ¢(s) could actually be restricted to denote merely the Poisson integral
of a function in L; (specifically |¢(0#i'r)|’°), and where by ¢* we mean of
course ¢*, for then

s (L[ 0

o o2 4+ 72
sLf |60 + ) e
T J e o + 72

by an application of Jensen’s theorem. Applying the above
| + i8 + ) |» < 4¢3 [1+ |8]/0]

from which the lemma would follow immediately. We introduce the following
notation

1opa .
#) = max {—2 - f (it +8) | + |¢(z(f—ﬁ))l)dﬁ}
1
= max - #(.

Then

1 ® %) o
#a+iB+ ) = — f " (:(_’“()B el

_ _1_ * ¢(i(r + u))eo "
7 J_o 024+ (u— B)2
1 = o(i(r +u))e  ¢(i(r — )
[ e IR s

4

Thus
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lé(e+iB+m)| = ,,f Usl+unl + |Gt —w)l}e

o+ (| 8] — w2
< [¢'(“)a+<|6| __u)]
é.(wa||8] — u]

+

o [ot+ (8] —w2)
* ¢(u) wo||B| —ul
=4
fo 2u [0’+(|3|—“)2]2u

From the definition of ¢* we have then

us||B| — ul "
o2+ (| 8] — u)?]?
. = (|8] —ww
< 4o (ﬁ{f_w T
= |Blo]]B] - ul
d:
+f_w [+ ([8] — we]? "}
= A¢*(n) {1, + L.}.

|oto + 8+ | < 48 [ i

But

*® '
I < d
“f_w o+ (| 8] — ) “
=4

and
Algl —ul
e |0 2+(|ﬂ| — u)??

|ﬂ|f_w 2+(lﬁ|
| 8]

=41

o

I, = |3|

I\

Substituting these evaluations of I; and I, in the above computation the desired
inequality and hence the lemma are immediate.

As in the corresponding portions of the other demonstrations we may as-
sume ¢ to have no zeros. Then for 2>p>1 we write

¢ = xr
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and the function x(s) so defined is in class 3C;. Then
2
¢ = — X1y,
b4
|¢' |2 < 4] x[2emv]x]

We have then by an application of Lemma 7,

© 2
G¥t,¢) = Af ﬁ | | x(e + (B + 7)) I2(2Ip—1) ‘ X (o + i(8 + 1)) |2-‘-’—2-dﬁda
BI>ke

2(2/9—1)

< Apx2/p f \f|p|>k, lﬂ/g)2—p(x (e + B+ 7)) |2 _.dﬁdo'

2(2/19—!)

sdiin [Cor [ (xt+ i+ )| 8ldsin
181> ke
Raising both sides to the power /2 and integrating with respect to 7,

“Gr(r)dr
0 2—p ) pl2
gA,,f Xorn {f apfm k(|x’(a+i(ﬁ+r))|2/|B|”)dﬁda} dr
—c0 0 >ko

© *2 2—-plp
é Ap {f Xz/pdT}
© © /2
{[ ] @lxt+is+m]yslmpmn
-0V 0 181> ke

by the Hélder inequality. Clearly

”X:/P“Z = Ap“XHz

0 2 o b4
* 2/py ¥
f X2/p07 =f {x '} dr
—0 —c0

0
< A’f le(z/mpd.,
—

for

= A,,f | x(0 + ir |2dr
by Lemma 6. Also

R R e LR
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for the left-hand expression is but

f f f (a"l x' (o + i7) I2/| B—r I”)dﬂdad‘r
oo Jipri>ke

=f fa"lx'(cr+i1)|2f (1/|8 — 71?)dBdadr
—o ¥ 0 |B—7|>ko

< Af f o| X' (o + ir) |*dodr
—o0 0
= Af g¥(r, x)dr

< 4|x|l2

by Theorem 1.
Substituting these results in our inequality for [*.G?dr we have

[ a0 s adxlxlz = 4dlxli = 4ol

for p>1.
The required inequality having been obtained for G(r) we have

gl = Axdllsll» + [lGllo} = 44llell»
for all p>1, which is the first part of Theorem 3.
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