
ON FUNCTIONS ANALYTIC IN A HALF-PLANE

BY

DANIEL WATERMAN

1. In the study of the behavior of functions analytic in the unit circle,

the class Hp of those functions <£(z) such that

/> *T

| <t>ipeiS) \"dd
0

is uniformly bounded for p<l is of particular importance. For p>l, Hp is

just the class of power series whose real parts are the Poisson integrals of

functions in class Lp. The important role these classes play in the study of

Fourier series, particularly in the study of the conjugate series, is too well

known to require further elaboration here.

Littlewood and Paley [6] found certain means of derivatives of functions

in Hp to be of special importance in obtaining estimates of sums of Fourier

series. These means, g(0) and g*(0), are defined by the formulae

gi») = g(6, *) = j J" (1 - p) | 4>'(Peie) \Hp\ '   ,

and

g*ie) = g*id, <p) = j- J (i - P)dpj T | *'o«) |2p(p, t - e)dti

where Pip, t) denotes the Poisson kernel

1 1-P2

2 1 - 2p cos t + p2

If <p£Hp, p>0, the nontangential limit of <p(z) is known [9] to exist at

almost every point of \z\ =1, and we have then that

/   \       f*T \     l/p /   J        piT \     Up

lim j-J      Ifipe^l'ddj      =  |—J     |*(e«)|»>M     ,

which value we denote by \\<p\\P. The Littlewood-Paley functions have been

shown to have the following relation to the original functions,

Presented to the Society, December 29, 1953; received by the editors April 18, 1955.

167



168 DANIEL WATERMAN [January

•4,11*11, ^ ||g||p"^ Ap\\4\p,
AM, £ \\g*\\P £ Ap\\4„;

the symbol || ||p denotes the usual norm in Lp except when used as indicated

above, and the Ap's denote, as they will throughout this paper, various

positive constants dependent on the indicated subscripts. The left-hand in-

equalities require, of course, that

0(0) = 0.

The inequality for g*(d) was shown by Littlewood and Paley only for p an

even integer and was extended to p> 1 by Zygmund [10]; the right-hand in-

equality for g(d) was demonstrated (although not explicitly stated) by Little-

wood and Paley for all p >0, that on the left for p > 1.

In the study of functions analytic in a half-plane it is of interest to define

a class analogous to T7P. Throughout this paper we shall use the same notation

for functions in circles and half-planes, distinguishing between them by

means of their arguments. If <b(s), s=o+ir, now denotes a function analytic

in the half-plane %(s) >0, it is said to be in the Hille-Tamarkin class 3CP,

£2:1, if

/oo
| <b(a + ir) \pdr

-00

is uniformly bounded in er[5]. As in the circle, the nontangential limit exists

almost everywhere as a—»0 and we define

Uoo \   Xlp
|*(0 +  *V)|»drj       ,

which is, of course, also

lim '<   I      | <b(o- + ir) \pdr>
o-^0       (. J _oo )

The Poisson kernel for the half-plane, P(o, t), is merely

a

a2 + r2'

If f(r) denotes a function of class Lv, p>l, in (— °°, oo), its conjugate func-

tion, J(t), is given by

1   r   fix)
— I       -dx,
T   J -„   T —   X

the integral being taken in the principal value sense. The conjugate function

is known to be in class Lp [9], and
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\\f\\P^Ap\\f\\p.

The function

*(')-f   [/(*) + */(*)]*V. t ~ *)<**
T   •/ -oo

is analytic in the half-plane <r>0, and as in the case of the unit circle, is of

class 3CP. If <t>is) is given as in 3CP, p^l, then it is the Poisson integral of its

boundary values, and even more, it admits of a Cauchy integral representa-

tion

1   C"   <biix)
<t>(s) = — I     -r~ dx.

2tJ-x s — ix

li ||<p(<r+M-)||j, denotes

UOO \     Up
\<bi<T + ir)\Hr\      ,

so that

IM|,-||*(0+tr)||w

we may show that ||<p(<r+M-)||j, is a continuous monotone decreasing function

of a and that

lim||*(«r+ *t)||, = 0.
ff—*ao

Quite elementary arguments show that

\<bi<r+ir)\   g  [w]-1''!!^!,

and for 5>0,

lim  | 0(5 + pe") |   = 0, -jr/2 g 0 ^ x/2,
p—►»

uniformly in 0.

A Mobius transformation mapping <r>0 into the unit circle takes the

class 3CP into a subclass of Hp[l ]. Many of the important properties of func-

tions of class 3C„ can be deduced from corresponding results for functions of

class Hp by means of this class inclusion. Other results, as, for example, the

validity of the Cauchy integral representation, seem to require a direct proof.

The results we consider here are of this type.

We propose here to define analogues of the Littlewood-Paley functions

for functions analytic in a half-plane. It will be seen that exactly analogous

results may be obtained.

In addition to the Littlewood-Paley functions we shall consider the
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analogue of a function which has been studied by Lusin, Marcinkiewicz,

and Zygmund [7]. They consider a function of obvious geometrical sig-

nificance. Let Jl be a region in the unit circle bounded by a single closed

curve which touches the circle at z = 1 only, and nontangentially there. Thus

all points of 0 are contained between two chords intersecting at z = 1 to form

an angle tjKtt. ft« will denote this region rotated until z — l coincides with

ea. We define s(0) to be the square root of the area of the image of Q» on the

Riemann surface of <j>- Thus

s(e) = {//  l^'Wl**-}1".

It is known that

ap.„\\4p^\\s\\p^ap„\\4p
lor all p>0 on the right, and for all p>l on the left, just as for the function

g(8). This result, too, may be extended to functions analytic in the half-plane.

A separate section of this paper is devoted to each function, §2 fcr g,

§3 for s, §4 for g*. It is clear that the three functions are very closely related

and each section will use the results of those before it.

2. Let <p(s) denote a function analytic in <R_(s) >0. We define

g(r)=g(r,<t>)=   {f"o-\<b'(s)\2do}      .

It will be convenient to adopt the following notation:

*«(*) = *(« + *), « ̂  o,

SM = g(r, <bq) =   j J " (.r - q) \ *'(*) |*Arj      .

Capitalization of the letter denoting a function and change of the argument

to t will denote the introduction of a function of Hardy-Littlewood maximal

type. For example,

4>(t) = max  | <f>(s) \

where

Rr = [s | s = ir + peie, p > 0, -a <6 <a < ir/2].

This convention will be observed throughout this paper.

We shall enumerate several lemmas to which we shall frequently refer in

that which follows.

Lemma 1. If<b(s) is in class X.p, p>l, then
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This is an analogue of a well known maximal theorem of Hardy and Little-

wood [3]. Its proof is quite similar to that of the classical result and is due to

E. Trombley [8].

Lemma 2. If <b(s) is in class 3CP, p^l, then

1   r"     *(« + i0)
«     +'(*)=- \        .    "    .a      \2d0, <r>a>0,

2t J -m (a + iP — s)2

(ii)   <p'is) = o(l) as \s\ —> 00 uniformly in every half-plane, a > a > 0,

(iii) +'is) = 0[i<r - «)-o+i»/i>]    as   <r-» 00.

Lemma 3. If <p(s) is in class 3CP, p^l, then

<p(s) = Bis)Wis)

where Bis) is analytic in *R.(s)>0, |p| j£l, and lim„..o |P| =1 almost every-

where; Wis) is in class 3C„ and has no zeros in cBj(s)>0.

Lemma 4. // <f>is) is in class 3CP, p^l, then gq(r) is bounded for any q>0

and

(i) gq ^ g,

(«) ||f||,= lim||«,||,.

We shall prove these in sequence.

It is evident that if the Cauchy integral exists then

1   r-     <t>(a + ip)
— I      -dp
2*J-„ (a + ifl-s)2

exists as well. Then

<t>'(s) = lim {-f   <t,(a + ip) \-1 dp
h-H>   {2tt   hJ_T La + ip-is+h)      a + ip — sj

+ A(h,T)\

where AQi, F)=o(l) as T—>oo uniformly in small h. Thus

1   rT     <l>(a + iP)

2wJ-T (a + iP — s)2

as T—* 00, and an application of the Weierstrass double-series theorem gives

the desired result.

Applying Holder's inequality to the Cauchy integral representation of

<t>'(s), we have
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,       1   r °°       \<p(a + ip)\
<b'(s)    £ - I      -' '-49

2tJ_  (a - a)2 + (0 - r)2

£A\\      -]—-^-!- dp}      (o--a)-<P-»IP.
U_M(<r-a)2 + (/3-T)2    7

Choose T such that

(J      + J    )\<t>(a + ip)\pdp <8

and note that

1 1
-< —    for    o- > 2a.
(a - a)2 + fjS - r)2      a2

Then the contribution of the extreme parts of the integral is less than S/a2.

Clearly

rT \<b(a +H3)\p       =      /   1   \

J_r  (<r - a)2 + fjS - r)2 \|*|V

uniformly in the half-plane <r>2a, and consideration of these estimates yields

the second part of Lemma 2 for p > 1; the proof is clearly much simpler for

p = 1 and need not be given here.

Proceeding in a similar manner

, , 1    rM   I <b(a + iff) I (a - a)

2irJ-x   (<r — a)2 + (P — t)2

^  a, ^   u    {  C"   \4>(a+ip)\p(c-a)2       \Up
< A(a — a)-1!P<   I       J-<2/3>

U_„    (a - a)2 + (B ~ r)2       7

^ i4(o-- a)-llp\\<b(a+ 1(8)11"

or

|*'(5)|   ^ i4||*||p(a- a)-d+")/"

and since the demonstration is trivialized in case p = 1, we have completed

the proof of Lemma 2.

Let us now map o>0 into \z\ <1 by the Mobius transformation

1 - 2
s =-

1 + 2

and write

*(*) = r«-
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Then there is a well known theorem of F. Riesz to the effect that

f(s) = <B(z)W(z)

where <8 and W have properties analogous to those required of B and W.

The inverse transformation clearly preserves the properties of B and we shall

designate cB(z(s)) by B(s). That W(s), which corresponds to W(z), is an ele-

ment of Kp follows from the fact that the Poisson integral for W(s) along

(r = 0 is equal to the Poisson integral for W(z) around the unit circle for corre-

sponding values of z and 5. It is not necessary to impose any restriction on

the zeros of <b(s).

We note now that

gl(r) =   ("V - q) | *'(*) \*do-

^Af   (a- q)(o - q/2)-W>l*da

^ A < oo

by Lemma 2 (iii). Also

g\(r) =   ^(o-- q)\<p'(s)\2do-

^ r o-\f'(s)\2do-

= g\r).

As q—»0, gq—*g, and so by Fatou's lemma,

\\g\\p = I"11 \\gJi\p-
Q—*0

Our lemmas now established, we proceed to the main theorem.

Theorem 1. Let <pis) be a function of class 3CP, p^l. If

gir)=gir,4>)=  ^jao-\<t>'(s)\2d<X

then g(r) is in class Lp and

\\g\\,£Ap\\4p-
Conversely, if <b(s) is analytic in cFj(s)>0, <f>(s)—»0 as s—> oo uniformly in every

half-plane %.(s)>e>0, and g(r) is in class LP, p>l, then <j>(s) is in class 3CP

and
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|M|, S Ap\\g\\p.
The first part of this result will be demonstrated for even p, giving ex-

plicit details for £ = 4 and showing how the proof may be extended to p = 2k,

k = l, 2, ■ • • . From the even integers it will then be extended to all pSri.

In the proof <j>(s) will denote <bQ(s), for it actually suffices to prove the result

in this case. For if

then

lk«ll, ^ Apy9\\p z ap\\4p,
letting q—>0, applying Lemma 4, and comparing the extreme terms we would

have

the desired result.

We shall show now that

IklNMMI*
under the assumption that <p is in 3C4.

Let us write

/oo    /     (* oo \  2

(J     *\<P'(s)\2do\dr

/OO      r. 00      *% 00| I       <TlCT2 I *l   |2 | <fo'   \2dffxdo-2dT
-oo *> 0     •* 0

where

*i = *(cri + h),

<t>z = *(<r2 + ir).

Then we have

||g||4  =  A    \ 11 0-1CT2 | <t>X   |2 | *2   |2ioirf<72(iT.

We make the substitution

| */ |2 = A | <bx |2/4 = { | <bi firi + | *i fT}/4.

Then
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XI   I cri<r2 | 0i |21 fi 12doridcridT
-mJ J O^o^t^C

/N    C C I     ' I2 I        I2 I     ' l2l        I2(<Ji<r21 fi I   | </>i I,,,; + aid \fi\   I 0i |rT)rfffi^ff2^r

= F + £.

Partial integration of P with respect to <ri, yields

P ^  f     f   (<r2 [ 021!, | 0212 + <r21 02121 0(0 + h) \2)d<ndT = Pi + Pi.
J -M J 0

Clearly

| 0(0 + tr) |   g $(t)

and

| 0 |* = 2 [ 0 | | 0 [, g 2 | 00' | .

Writing <f>' as a Cauchy integral we have

0'     = —    I    -:-dz
'      '        2*\JC  (<r + »t - z)2

where Cis a circle about cr+ir with radius S = ka contained in the angular re-

gion given in the definition of <£. Then

0'    g — 4> I    — &
11       2t    Jc  S!

g ^$/<r

and we note that in a similar fashion we can obtain

| 0" |     g  A <*>/<T2.

Since this result is of considerable use in what follows we state it as a lemma.

Lemma 5. If <t>(s) is analytic in the half-plane *R.(s) >0, then

| 0'|   = A*/<r,        | 0"|   g AQ/tr*.

Applying Lemma 5 to Pi we have

/N rc  *I       (ff2 | 02 |    | 02 |   <J>/ff2)dff2<fr
-Af •/ 0

gi   f     *» (   f   «r | *' |2^ff) ̂r.

Since
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Pz =  f     | <f>(0 + ir) I2 ( f   o-1 0' \2do\ dr

we have

P ^A f    *2( f   o-\<p'\2do\dT.

If in Q we invert the order of integration and integrate by parts with

respect to t we have |

C C CN i  ' i2i    i2
Q   =     I     I I I <t>2 \    I <t>X \rrdTdo-xdo-z

=   I   I 0102 [ [ ̂ a |   [ <bx\r]-Mdo-xd(rz

—   I (rx<r2\ <p2\r I ̂ x\rdo-xdazdr = Qx + Qz-
J -l&J  J 0^o-1£o-2SC

Applying Lemma 5,

| Qz |     ̂ A    I <Tl<r2 | 02 |    | <t>i   |    | 01 |    | 01 |rf<Tl^(T2dr
J -MJ   J Ogri^irjgC

^. A  \ (o~x<r21 0i [   I 021 4> Io-z)do-xdo-zdr

/*w    rr ^ > > i i > i
^4 4>2  I   I —■ | 0i |   | 021 doxdoidr

J-M        J  7ogo-iScr2SC    C2
2

g^r $2ir r i0ii2-^^i^+r uin f^i) &»><&■

^ A   C     &(   f   o-|0'|2<Zcrj<fr.

Consider now

O'l0'2l|02|    I 01 |r]|r|-B daxdaz
I 7  J 0S„jgo-2£C

^   2    I <Ti(Tl[ I 02 |    |  01 |    | 01 |   ]|r|-B doxdoz   =   o(l)
J J 0S„1g„2gc

as B—>oo for C fixed, in the light of the estimates of |0| and |0'| in the

lemmas. Combining the results on Qx and Q2 with those obtained for Px and

Pz we have
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/N C C i  ' i2i  'i2
I   I ffiff2 I 0i I   I 02 I daidaidr

gi  f    4>2(  f   o-\f'\2d<r\dT + o(l)

as M, N-* oo for fixed C. Let

f   ff|0'|2dff = cg2(r).
J o

Then

cgHr^A  I     4>2-c^r + o(l).
-M J -M

Applying Holder's inequality and dividing by {J-m c^dr}112,

Un        \ 1/2 ( rN       \ 1/2
cg'dA      ^A | J     $^r|      +o(l).

Letting M, N—* oo and applying Lemma 1, we have

U oo \   1/2 t    p oo \   1/2

Letting C—>oo and taking the square root of both sides yields

the desired result.

In the case p = 2k we consider

/N     p s*   k k

I   ■■■      Inff«u»i n<wr.

We make the Laplacian substitution and evaluate the first integral

/N     f /*  k k 0 k

I n ff» n \fn i • i *i in#i n <**.<&•
-M J OgiriS- • •SC«'      12 1

in precisely the same manner as in the case k = 2 to yield

/N /• £%   k k& \   • • •    I n *.u» i n ̂ -^.
-M        J 0S„23. . •g«tSC«'      2 2

The second part

XI       • • • I    ■ • •   | 0i|rr II dandr
-M* 0£<nS->-£cJ 1
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is integrated by parts as in the case k = 2. The part

f •••   rn«4i*ii'ni^rT iidan = o(D
J OS»1S---SC«'      1 L 2 J -M    X

for fixed C as M, TV—► oo. The part

f" f ••• f iWri i*:rt i0ii,ri^n<fr
J-MJ •'1X2 A 1

1      •••      1     n^l*l|Ti  Z   |*.-|rll   U»l   >II^nrfr

which is less in absolute value than

a\n f • •• f n«r.i*i lazuli i*ri ii i^rtrW'
./ _Af J J x \ «-2 2,n*» /       1

^r*'f ■•• f n*.i*ii{i:Ai*'<i ni^i'lW
•> -Af        */ •/ 1 V   ,'_2   <Tj 2,n^i /        1

by Lemma 5. Consider one term in this sum

f\2f... f ft'-kii^u*! ri \t>:\2iid,ndr
J—it        J J l <?% 2,n^i 1

= [&[ ■■• f((fu)/v<)i&i i*'*iri i^fri*^
»/ —Af        J J     \\l,n*i     / / 2,n*t 1

=   f    *' (   f f — I 0'i M 0< I do-ido-A

(f      ■■■        fri ^i^i1 n don)dr
\7oS#jS...5»(_lS#<+iS ■ ■•SC*'    2,n^» 2,n^i /

/N /    n C \ k—1
4>2(   I     <r|0'|27<rj     7t.

Hence

/IV /.ATcg2*7r g il»  I      4>2cg2fc-27r + o(l)
-A/ 7 _Af

UAT -v   XIk   I   pN \   (*-l)/*
&kdr\       |J        cg2*7rj. +o(l).

Dividing by the factor on the right containing cg, letting 717, TV and then C

approach infinity, taking the square root and applying Lemma 1, we have
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\\g\\*k £ Ak\\*\\*k ^ Ak\\f\\ik

which was to be shown.

We must now show that

\\g\\, za,M\>
for allp^l.

By Lemma 3 we may write

0  =  01 + 02, 01   =   (B  ~   1)W, ft  =   W.

Thus 0i and 02 have no zeros in <R,(s) > 0, are in SCP, and satisfy

IkilU ̂ 2||0||„,
U*\\p = NI..-

Since

«(01+02)   ̂ A{g(fl)+g(fl)}

we need only prove the result in the case where 0 has no zeros.

Let

0  =  W»

where y = 2k/p and 2k is the least even integer such that 2k ^ 2p.

Then u(s) is a regular function and is in 3C2*. We have

0' = yuf-W,

\f\2 ^a\ wi2^1'!*)'!2,

and

g2(r,f) gisup | wl2**-1'-   f   (r|«'|2<*ff
»>o Jo

- AQ2i«-»g2(T, <o).

Thus

g»(r, 0) g i4F0»<»-»«»(T, »).

But

/>y = 2k    and    />(y - 1) = 2k/y'.

Thus

f(r,^rgij     fi2W^(r, o>)<fr.
-00 J-00

Applying our theorem for even exponents to the right integral
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/oo /     .. oo \    lly'    I    «.oo \    1/k

tfUv'gP(T,w)dT Z 1   I     WkdT\        <H     gP"(T, u)drV

U°° \ lly> I  C °° i 1'"

j**} {X.1*1"*}

J"!"*}    {/.I"'"*}
/oo'

|u>|2*7t.
-00

Thus

/OO y» 00 y» 00

g"(r,0)(fr g^lp  I      |co|2*7t = ,4p  1      |0|"rfr.
-oo 7 _M 7 -to

Taking the £th root of the extreme terms we have established

IHI, ̂ -dpIMU
the first part of Theorem 1.

The second part of Theorem 1 is proven by conjugacy with the opposite

inequality. Our <b(s) is now analytic in ci\(s)>0 and has the property that its

limit is zero as 5 approaches infinity in <r\.(s) > e > 0. We shall assume that a

right translation of axes to (tj, 0) has been made and so our function is

analytic in the half-plane 1{.(s) > — n. The function g(r) exists, and by hy-

pothesis and Lemma 1

IWL<-.
We define

fir) =<R[0(O+iT)],

h(r) = hN(r) =  |/|»"1(signum/)^Y(T),

where xat is continuous and

'    1, \t\*N-1,

XN(r) =0, I r I   ^ TV,

<1,       N - 1 <  \t\   < N.

Further we let

^ = the 0 associated with h, i.e., the analytic function whose real part is

the Poisson integral of h,

7 = g(r, +), u = 21(0), u* = <R.(0).

We consider the equality
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pK ~\K -|JC

I      <r(uu*),ado- = o-(uu*)t        —   (uu*)      ,

obtained by an integration by parts and note that:

(i) \Ku„(K,t)u*(K,t)\   -o(l)
K2 + Tl

as PJ—> oo, for by evaluating <j>' as a Cauchy integral around a circle of radius

CK (0<C<1) and center K+ir and writing u* as the Poisson integral of

h(r) we have at once that our expression is

1 NAK
<K        sup        \f(s)\-:—:-
~      U-UC-HtM-ck CK  K2 +   min   (   r    - /3)2

and so

K
= o(l) -

K2 + T2

for K sufficiently large.

(ii) I Kut(K, t)u(K, t) I  = o(l) -——>
Kl + T*

(iii) \u(K,r)u*iK,r)\   =o(l)—^-,
K* + Tl

by arguments similar to that employed in (i).

(iv) | €«„(€, r)u*ie, t)\   g eA sup | 0 |    sup    | u* \
c ^(»)>o

= o(l) uniformly in t as e —»■ 0,

the C designating a circle of radius r\/2 about ie+ir).

(v) | eu,it, t)m(«, t) I    g   I e«,(e, t) |     sup    | 0 |
5l(»)>o

= o(l) uniformly in t as e —> 0.

We shall show that |ou*iff, t)\ —>0 uniformly in r as a—*0.

From the Poisson integral representation we have

i  *      i      1 I C°     I       a       \    I
|«,(ff,r)|=—   I     kix)l——-—)dx\

x | •/_«,        \  <r2+(a;-T)2 /„    |

1 I r" x2 - o-2        I
= —   |    A(* + t)-dx\.

t\J-„ i*2+ x2)2      I
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Choose 5 > 0 such that

| h(r) - A(t') I   < e   if    | t - t' I   < S.

Note that | h(r) | <A < oo. Then for a <8

af-'\                   z2 - ff2                     r"    x2 - a2
+  I      )hix + t)- dx   <A  |      -oJ*

,         J_„/               '(<72+*2)2                   J,     (<r2 + *2)2

<i/5.

Write

/*            a2 - x2         rs                 ff2 - X2
Kx + r)-dx=   I    (A(t) + £(*))-dx

-s                  (ff2 + *2)2           J-i                          (ff2 + x2)2

Then

/s <r2 - a;2
*(r) , ,  .     ^dx~ A/h

-i i<r2 + X2)2

and if we divide the other integral into several parts

/s a2 — x2 / r-      r*\       r°

we have

a—t        p i\ X2 — ff2

< At/a,

\Q\   <At/cr.

Thus

|M;(.)T)i^(l+-i)

and so

| «£(„, r) |  ^A(— + t\

for small a, which proves (v).

Substituting these estimates in our integration by parts we have

CK K
\    a(uu*)„d<r = n(0, t)u*(0, t) + o(l)

Jo Kl + TZ

for K large.
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We have, therefore, for any }{>N,

/oo p Nfhdr=   I     fhdr
-oo J -N

c h rK rH k= J_J„ °^*)"d^+)_H°^^+—2d*

cK I r H I
70     |7_>{ I

as K—> oo.

Consider

f N f N * *
I       (ww*)„„7r =   I       («„«* + 2w„tt„ + uu„„)dr.

7_7\( 7_7\[

We shall estimate the first and last parts. We have

I     u„u*dr = —  I     uTTu*dr = — uTu* +  I      uTUrdr
J-?{ J-?i J-N     7-^

and similarly

I      u„„udr = — uTu +   I       uTuTdT.
J -}{ J _>J.     7 _ 7^

We note next that o-|«Tw*| and o-|w*w| are o(l) as |r|—»« uniformly in a.

Hence

/CK    f N i       *i        i       *ifhdr ^ 2 o-l       ( | urur I   +   | u,u, I )drdo
-oo 7 o     7 _>(

+ f%(|«r«l'^ | + | «.«*! ̂ \)do- + o(l).
7 o J —Tsf J-H

Allowing H and then K to approach infinity, we have

r //«Trg2 r tr r (|«t«ti+i^m*!)^^
J -oo J 0 J -oo

/» x y* oo

o-  1      |0'0' | drda.
o    7_M

Thus
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Xoo p oo r-    pa —i 1/2 r    p oo —11/2

fhdr g A   I I     ff|0'|2(fff I     <r|^'|2oV       dr

= ^   I     g(r)y(r)dT
•/-OO

< yllUII   ll-vll   >

^Ap\\g\\p{fjf\YNdrY/P'

by an application of the first part of Theorem 1 and the fact that

\\f\\P>  ^ Ap]\%.(f)\\P:

Then

/oo /   p oo -v   Up'

J/IVt^*II*II*{J J/1V7

or

/  /. 00 \ i/p

{/_J/IVJ    ss^HI-

Letting N—> 00 we have

ii/iu ^*y *
and analogously

11/11,^11*11,-
Thus

ikiu^*y*
and consideration of Lemma 1 yields the same result for the original function.

3. We turn now to the analogue of s(6). Let Q denote the region in the

half-plane 1{(s) >0 between the lines r = ±ko. The vertical translate of this

angular region will be denoted by flr where Q+ir is the new vertex. Then if

<f>(s) is analytic in ^.(s) >0 we define

s(r) =  {//   I *'(*) !*<*»} '

We shall establish the following theorem.

Theorem 2. Let <f>(s) be a function of class X.p, p^l. If
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*(r) = {// W(s)\2d»y2

then s(t) is in class Lp and

\\s\\p ^ ^p.fc||0||p.

Conversely, if <b(s) is analytic in %(s)>0, <p(s)—>0 as s—»oo uniformly in every

half-plane cL{(s)>e>0, and s(r) is in class Lp, p>l, then <b(s) is in class Kp

and

(HIp ̂ A,,A\s\\*

We note that to demonstrate the latter part of this theorem we need only

show that

g(r) ^ Atsir),

for then an application of Theorem 1 would yield the result. This is easily

accomplished. We shall demonstrate it for r = 0 to simplify notation, but this

restriction will be seen to be superfluous.

Consider the intervals

—, -1, n = 0, 1, 2, • • • .
L2»     2"+1J

We denote by o-„ the point in the nth interval where 10'| attains its maximum.

Hence

f  <r|0'|27o-g £  I 0'Wl2  f        "da
7 o n=0 7 l/2"+1

^3*1 0'K) |2
8   o 22"

We note that

| 0'(O |2 ̂  — f ' | 0'(o-n + Pe«) \2d6
2ir J o

and so if T?n designates the radius of a circle C(<r„, Rn) about on,

— Rn | 0'(<Tn) |    ^- \<}>'\2dw.
2 2ir7 7 cun,R„)

Let T?n = 62_n, where 8 is chosen depending on k alone, so that C(on, Rn) is in

ft. We note that no area can ever be jointly contained in more than two circles.

Then
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22»        -  x527 Jc„..,j

or

f    O-|0'|27<7   ̂   - ]£ff |0'|2^
|7 o 8?r52 „_o 7 7 c(o-„,r„)

^—rr 10'i2<*w.
4ir527 J SI

If we now consider the intervals [2n, 2B+1], w=0, 1, • • • , and define on to

be the point in the wth interval where 10'| attains a maximum, then

/i 00 00 y» 2n+l "X     ooo-1 0' |27o =g 231 *W I21      *** = — E I *'(»») I222n-
1 0 7 2" 2      o

Let T?„ = 52n where 8 is chosen so that C(on, T?„) is within ft. Then, as above,

fo-|0'|27<7^  - iff |0'N«>
7 i 2x52   o 7 Jc(f„,»„)

<—r r 10' \2d<».
'  iro2J 7Q'      '

Combining this with the previous result we have

f   o-|0'|2oV g Ak f f |0'|2do>
7 o 7 7 n

which establishes the latter half of our theorem.

In the proof of the first part of the theorem we shall require the following

lemma, an extension of a result of Hardy and Littlewood [2] due to E.

Trombley [8].

Lemma 6. If f(r)GLp, p>l,in (— °o, ») and

1    rT+A
f*(r) =  sup — f(x)dx

A>0   ZA   J T-A

then\\f*\\pZAP\\f\\p-

For a complex function 4>(o+ir), <b*(r) shall denote | <p(0+ir) | *.

Let us write S(t) =s2(t). Then

\\s\\P = \\S"2\\P = max I rsir)hir)dr\
l6J,   W-oo !

where
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M = (-j A X, =   |*(t) > 0 3 J    \h \"dr Z l| .

Consider a fixed h(r). Then if f = ko,

f  S(t)A(t)<*t =   f   A(F) j f f    | 0' | 2dcdr\ dr'

A(t') IJ     rfffj |0'|2rfrpr'

dffj     2f|0'|2<fr|-J     A(t')x(t - r', f)dr'| .

x(a, b) denotes here the characteristic function of the interval [ — b, b] with

variable a. Then

/OO y» 00 p 00

S(r)h(T)dT ̂ Ak I     ff^ff I      I 0' |2A*(r)<fr
-oo •/ 0 «/ -oo

= 4*  f    A*(t)( f   ff|«'|2dff)<ir

-4* fXh*(r)g2(r)dr.
J -oo

Applying Holder's inequality to the right-hand side

rS(r)h(r)d(T)^Ak\\h%\\g\\l
"   -00

. II   I2

Thus for p ^ 2 we may apply Theorem 1 and we have

IMIp ^ ̂ *||«IU ^ ̂ p.tlkll,,.
We must now extend the result to p ^ 1.

Since a decomposition of the function <f> into two nonzero summands may

be effected precisely as in the proof of Theorem 1 with precisely analogous

implications we may assume at the onset that <f>(s) has no zeros. We write

then

Vis) =0(5);

clearly f is in 3C4 and

||,(r, *)||« £ Ak\\f\\*-

Forming s(t, 0) we have
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0'(s) = 4/>[0(s)]"»-i.0'(s)

and

5(r, 0) ^4/>[*(t)]"*-Mt,0).

Then

/OO (* OO

j"(t, 0)7t g (4//>)" I    5"(r, 0)^4-p(t)7t
-00 7 _«,

g^||,(r,0)P|*||4-P.

Applying Lemma 1 and our theorem for p = 4 we have

||*(r, 0)||, ̂ ,.*IM|!'* = ̂ ,*[|0||p.

Thus our theorem is established for all p^l.

4. Our result on g*(r) may be stated as follows.

Theorem 3. Let <b be a function of class 3CP, p > 1. If

g*(r) = g*(r, 0) =   |— J   odaf    | 0'(<7 + ip) \2P(o, r - B)dp\      ,

then g* is in class Lp and

\\g*\\, £ AP\\4P.

Conversely, if<b(s) is analytic in %(s) >0, <f>(s)—>0 uniformly in every half-plane

<B<(s)>e>0 and g*(r) is in class Lp, p>l, then 0(5) is in class 3CP and

\\4p^Ap\\s*\\p-
Let us suppose that ftT is a region of the type considered in Theorem 2. We

shall denote its complement with respect to ^.(5) > 0 by fiT. Then

g*\r) = —  f f ° I 0V + iP) \*P(*, r - P)dp
t J J aT

+ — f f  0-1 0'(<r + ip) \2P(a, t - p)dp
t 7 7ar

2 2

=   gl   (t)   + g2   (T).

In the region ftT

o-2

o-2 + (r - /3)2 =

and so
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g*\r) ^— ff   \f'(c+iP)\2da-dp
ir J J or

1
= - S2(t).

■K

Hence

g*(r)  ^A[s(r)+gt(r)].

It is also quite clear that in flT

ff2

-• ^ Ak
ff2 + (r - P)2

and so

g*(r) ^ AkSir).

Thus the second part of Theorem 3 follows immediately from the second

part of Theorem 2, A, of course, being taken as constant. We introduce

G2(r) =   f     f | 0'(ff + ii0 + r)) |2 — dpd*
•Jo   J |/J|>*» 0

1 r°° c     , i     ff2
^- [0'(ff + i(ff + T))|2 offaV

«"   Jo      •/|/J|>fer ff2 + P

*2

Let us assume p S 2 and write

U» \   1/2
G2iT)hir)dT\      .

Xp is defined as in Theorem 2. Suppose now that A(t) is fixed. Let

11,     \p\   > Aff,

X»G8) =  <n      ' .(.0,    otherwise.

Then

f G2ir)hir)dT =   f   A(r)^T f °°cr2aV f " ^- | 0'(<r + *(j8 + r)) |2<f/J
•^ -oo ^ -oo J 0 •/ -oo        02

/C °° i                       i         f °°   hir)X,i0 - t)<r2d<r I      | 0'(ff + i0) \Hp I- dr.
o          J-«,                             J_w       (/3 — t)2

We observe that
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f"  hir)X.iP - r) f"  A(/8 - «)x,(«) ,
I      -dr =  I      -aw

J_M        (0-r)2 J_M «2

= r ([aw+«) + kp - «)]/«2)rfM.
•/ to-

Let

ff(*. 0) =  f   [hip + u) + hi0 - u)]du.
J o

Then

Hix, 0)/x g 2h*ip)

and therefore

Hix, P) = o(*2)

for almost all 0. Integrating by parts

f" A(t)x,(0 - t) ■]• r - J5T(«, /3)
—7^-—dr=Hiu,p)/u2\    +A \      ~—-du

J-«,        (/3 — r)2 J*„ J*, M3

/.OO        I

— du
kc      U2

^ Ah*ip)/a.

Thus

f  G2ir)hiT)dr <>A  f   ad* f    | 0'(ff + iP) \*h*iP)dp
J -oo •'0 •/ -oo

- A C' k*i0)g*ip)d0

£A,\\f\\p

by the application of Lemma 6 and Theorem 1. The extension of this result to

2^£>1 is more difficult than the arguments used in the corresponding por-

tion of Theorem 2. We utilize the foHowing lemma.

Lemma 7. If fis) is in class X,p, p>l, and
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0*W=   {|0(O+tY)H*1/P,

then

| 0(<r + i(P + r))\   g Ap<b*p(r) [l + !^ij/P.

The proof of this lemma is modeled closely on that of a similar theorem

for the unit circle which is due to Hardy and Littlewood [4]. We need only

show that

| 0(<r + i(p + t))\ g .40* [l + i£i-l

where <p(s) could actually be restricted to denote merely the Poisson integral

of a function in 7,i (specifically | ̂ »(0?=ir) | p), and where by 0* we mean of

course 0*, for then

,       (l  r I tb(i(p + t)) I o-    \ "

If"   \<b(i(P + r))\p<T
S — I       -dr

tJ-x o-2 + t2

by an application of Jensen's theorem. Applying the above

\*i*+i(P + T))\*£A£ [1+  \p\/a]

from which the lemma would follow immediately. We introduce the following

notation

0*(t) = max {— f   (| 0(»(r + p)) |  + | <b(i(r - p)) | )dp\
A>o   \ 2A J o ;

1  ^
= max-<t>r(A).

a>o   2A

Then

1    f° <b(iu)a
0(<r + i(P + t)) = — I      -^—-du

*J-« o-2 + (u - (P + r))2

1    f °° 0(*(r + u))<r
= — I      -du

v J_x a2 + (u- P)2

_   l_ r • /0(tXr + «)V        0(i(r-«))<r1

7r 70    l(r2+(/3-M)2      <r2 + (j8 + u)2f

Thus
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|A,     ,    Ys,     ,, 1    f"   { 1 tiiJT + u))\   +\ fjijr - u)) 1 }„
|0(ff+^ + r))|   g— ■--<f«

it J o ff   + ( | p |   — w)2

=4^)ff2+(i^-^o

|"       0r(M)fflH      -«l

J„      [ff2+(|^|   -m)2]2

J' °° 0T(«)          Mff | | j3 |    — M |
- 7-i—i-7" du.

o      2m     [<r2 + (||9|  -m)2]2

From the definition of <f>* we have then

/uo-1 I PI   - « I
r  ,     '   U|-~T*dU

o     [ff2 + (\p\  — u)2\2

U( I 0 I   - w)V
-oo k + (M -«)2]2

r-    \M\fi\-n\      1
J_oo    [ff2+(|/5|    -«)2]2 f

= ^l0*(r){/, + 72}.

But

Xff
-rn-*»

.M ff2 + (|^| -«)2

= A

and

/<r| |/3|   - u\
7-i-i-T du

- k + d/M -m)2]2

-rn-
-oo ff2 + (| 01 - u)2

(r

Substituting these evaluations of 7i and 72 in the above computation the desired

inequality and hence the lemma are immediate.

As in the corresponding portions of the other demonstrations we may as-

sume <f> to have no zeros. Then for 2>£>1 we write

0 = xVp
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and the function %(s) so defined is in class 3C2. Then

0'= -x2/p-1x',
p

I 0'|2    <  A |  x |2C2/p—1> I  x'|2_

We have then by an application of Lemma 7,

(P(r, 0) £A   f      f \X(o+i(P + t)) h2'"-1* | x'(<x + *03 + r)) |2 ̂ - <Z/37a
7 o   7 |0|>t„ 0

2(2/j>-1)    /• °°    /* 0-2

^ ^PX2/P |^A)2-p(x'(^ + HP + t)) I2 - dpda
7 o   7 |(ji>*, p

2(2/jj-1)     /» oo »

^ ^pXv, <rp (| X'(<r + KP + t)) I2/ | p\*)dpdo:
Jo       J \»\>u

Raising both sides to the power p/2 and integrating with respect to t,

/00

Gp(r)dr

r*00 *2-p ( rx    r 1 pl2

^Ap\    xvp   \\     °* \ (\x'(<r+i(P + r))\2/\p\p)dpdA      dr
7-oo Wo        7 |0|>jfc„ '

U°°  *2     ) 2-p/p
X%ivdr>

i  f      f      f        M X'i* + HP + t)) IV | 0 | p)dpdadr\ '
w _M7 o   7 |0|>fc„ j

by the Holder inequality. Clearly

||X2/P||2   ^   -4p||x||2

for

/eo       2 ii oo , V

Xi/pdr  =   I      {x      }     dr
-oo 7_OT

/oo
I x\i2lp)pdT

-OO

= ^p  f    |X(0+ir|2Jr
7_oo

by Lemma 6. Also

7r j     W<r I ( | X'(<r + t(0 + r)) |2/ | p\p)d8 ^ AVX<1,
-oo       7 o 7 |0|>J:,,
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for the left-hand expression is but

(ffp I x'(ff + »t) I2/ I 0 - r I*)d0An*T
-oo Jo      *J |0-r|>*«

/OO      p 00 y»

ff"|x'(ff+ir)|2 I (l/|i8-T|»)<Jp\iWr
-oo J 0 •/ ||S-r|>*o-

/»   00       /• 00

<4   I       I     ff|x'(ff + iT)|2J(r<fT
J-oo J 0

/oo
g2(r, x)<*r

—00

= ^iixii:

by Theorem 1.

Substituting these results in our inequality for f1„G"dT we have

f "W, 0)<fr g ilpUxlfllxlli = Ap\\X\\l = ̂ ,||0||*

for p>l.

The required inequality having been obtained for G(r) we have

||g*IU = ^{|kl|P + ||G||P} £AP\\4*

for all p>l, which is the first part of Theorem 3.
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